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§ 1. INTRODUCTION 
IN 1975, Cappell and Shaneson [6] constructed a fake IRP4• The 2-fold cover ~ of this 
manifold has been posed as a potential counterexample to the 4-dimensional smooth 
Poincare conjecture, i.e., an exotic S4 • The example has been extensively studied. For 
example, Akbulut and Kirby showed [2], [3] that ~is obtained by Gluck construction on a 
knot in S4 • They constructed [3] an explicit handle picture ofL, with two 1-handles, two 2-
handles and no 3-handles. They also showed that ~- B4 embedded in S\ so that the 
boundary was a potential counterexample to the smooth 4-dimensional Schoenfties con-
jecture.~ has also been studied by other topologists, as well as by analysts who have sought 
invariants to distinguish it from S4 . However, the example has until now refused to yield its 
deepest secrets. The present paper finally puts ~ to rest, with a proof that the manifold is, 
alas, diffeomorphic to S4 . 
The Akbulut-Kirby description of ~ seems closely related to the Andrews-Curtis 
problem [ 4] of combinatorial group theory. Suppose H is a contractible handle body with 
no handles of index ~ 3, one 0-handle, k 1-handles, and (therefore) k 2-handles. For 
example, the handle description of B = ~- B4 given in [3] (Fig. 28) is such a handlebody, 
with k = 2. The handle structure of H determines a presentation of the trivial group 
( = n 1 (H)) with k generators and k relators, up to the following moves: inversion and 
permutation of generators and of relators, and conjugation of relators by generators. 
Suppose we are allowed to modify H by any handle moves involving only 1- and 2-handles. 
Then we may slide handles, and add or subtract cancelling 1-handle/2-handle pairs. These 
moves change the presentation (in concert with the previous moves) by multiplying one 
generator tresp. relator) by another generator (resp. relator) and by adding or deleting a 
generator together with a relator equal to the generator. Any presentation of the trivial 
group with the same number of generators as relators can be manipulated by the 
"Andrews-Curtis" moves listed above, to obtain new presentations of the same form. 
Presentations related in such a manner are called Andrews-Curtis equivalent. Note that we 
have explicitly ruled out the addition of a new relator without a corresponding generator, 
which corresponds to adding a cancelling 2-handle/3-handle pair to H. The Andrews-Curtis 
Conjecture [ 4] states that any presentation of the trivial group with k generators and k 
relators should be Andrews-Curtis trivial i.e., equivalent to the empty presentation. Note 
that if H determines an Andrews-Curtis trivial presentation and dim H ~ 5, then H is 
diffeomorphic to a ball, since cancellation of generator/relator pairs implies cancellation of 
1-handle/2-handle pairs. If dim H = 4, this fails because of knotting and linking of the 
attaching circles, but we still obtain H x I ~ B5 • In particular, the boundary sum of H 
and - H is B4 , since adding a 4-handle gives the double of H which o(H xI)~ S4• 
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The Andrews-Curtis conjecture is commonly believed to be false, and there are many 
candidates for counterexamples. For example, consider the presentation Pn = (x, ylyxy 
= xyx, xn+ 1 = yn ). This is easily seen to be a presentation of the trivial group (see, for 
example, §2), but for n ~ 3 there seems to be no way to trivialize Pn by Andrews-Curtis 
moves. In fact, the presentations Pn, n ~ 3, are likely all to be Andrews-Curtis inequivalent. 
As yet, however, no proof of this has been found. 
Figure 28 of [3] associates a 2-generator, 2-relator presentation P of the trivial group to 
~- In that article, a calculation of Casson is exhibited which reduces P by Andrews-Curtis 
moves to P4 • Thus, the Andrews-Curtis problem provides an obstruction to trivializing ~. 
which we will bypass by means of a cancelling 2-handle/3-handle pair. Casson's com-
putation will be exploited in §3, where we slide 2-handles as prescribed by the algebra, to 
obtain a handle description of~ which explicitly realizes the presentation P4 . We obtain 
almost the simplest imaginable handlebody realizing this presentation. This is remarkable, 
because we should expect extra knotting and linking of the attaching circles which is not 
seen on the algebraic level. The picture generalizes to an infinite family of handlebodies, 
each with two 1-handles, two 2-handles and no 3-handles. In particular, all of the 
presentations Pn will be represented here, in addition to other presentations. Surprisingly, 
each handlebody has boundary S3 , so that a 4-handle can be added, and we obtain an 
infinite family of homotopy 4-spheres. This is startling, since randomly drawn handle 
pictures of contractible 4-manifolds almost always have complicated homology spheres as 
boundaries. The subtlety of our argument occurs in §2, where we inductively show that 
these homotopy spheres are all standard by a trick involving the introduction of a 
cancelling 2-handle/3-handle pair. This, of course, throws us out of the Andrews-Curtis 
setting. The author conjectures that the presentations appearing here are all 
Andrews-Curtis inequivalent (except for a few trivial cases). This would imply that we have 
an infinite family of handle presentations of S\ no two of which are equivalent by any 
sequence of handle moves in which 3-handles are forbidden. 
The Akbulut-Kirby example is also related to the 4-dimensional smooth Schoenflies 
conjecture. In §4, we construct an explicit embedding of S3 in S4 by embedding B = ~- B4 
in S4 and restricting to 8B = S3• Our picture is much simpler than the one appearing in [3], 
and in fact it can be perturbed (§5) so that height is a "nice" Morse function, and the middle 
level cuts our embedded S3 into a genus 4 Heegaard splitting. Of course, B is now known to 
be diffeomorphic to B4 , so our embedding is isotopic to the standard one, but it remains a 
challenge to see this directly. Our level picture induces a handle structure on one closed 
complement which is associated to the presentation P mentioned previously. Since P is 
Andrews-Curtis equivalent to P4 , which is likely not to be trivial, we seem to have an 
obstruction which must be bypassed in any isotopy to the standard S3 . If P4 is indeed 
nontrivial, any such isotopy must necessarily do major damage to the general form of this 
picture, such as introducing a 2-handle/3-handle pair in one complement. This may suggest 
some new and powerful moves which might be required for a proof of the Schoenflies 
conjecture. In §§4, 5 we give several descriptions of our embedded S3 • We also provide (§4) a 
simple proof of the following potentially useful (and apparently new) fact: Given any 
homotopy 4-ball with boundary S3 , if it embeds in S4 the embedding is unique up to self-
diffeomorphism of S4 0 
The author does not wish to leave topology devoid of potentially exotic S4 's with simple 
handle structures, so some other examples are described in §6. In particular, ~ is a special 
case of a more general construction of Cappell and Shaneson [5]. Homotopy spheres may 
be constructed from many T3-bundles over S1 by performing surgery on the "zero section." 
These manifolds are determined by a 1::2-choice of framing on the section, together with the 
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monodromy of the bundle, which is essentially an element AESL(3, Z) up to conjugacy, 
subject to the condition det(I- A)= ± 1. For each possible trace in Z, there are finitely 
many such matrices. (See [1] for details.) In §6, an infinite family of matrices is considered, 
representing all possible traces. For the easy choice of framing, the spheres are standard (as 
was first shown by Aitchison and Rubenstein in [1]), but for the other framing a nontrivial 
handle presentation is exhibited. The presentation, like that of Akbulut and Kirby, has no 3-
handles and two 1-handles. There is an associated presentation of the trivial group, but at 
present it seems quite difficult to deal with. The simplest of the given manifolds is 1:, but the 
reader is free to speculate on whether any others may be exotic. 
§2. STRANGE HANDLE PRESENTATIONS OF B". 
Let Hn,k denote the handlebody shown in Fig. 1. (The integers nand k denote full 360° 
right-hand twists.) We will show directly that each Hn,k is simply connected, with boundary 
S 3, so that we obtain an infinite family of homotopy 4-spheres. The main result of this 
section is that each Hn,k is a handle presentation of B4 , so that the homotopy spheres are all 
standard. In the next section, we will see that 1: is diffeomorphic to H 4 , 1 u 4-handle, 
completing the proof that 1: is standard. 
Several symmetries are evident in Fig. 1. Rotation by 180° about a horizontal line lying 
in the plane of the paper sends Hn,k to H -n-l,k' so we may assume n ~ 0. Furthermore, 
while Fig. 1 makes sense for k E t Z, it suffices to assume k E Z, since we may identify H n,k 
with Hn.t-k by first flipping up the central portion of the picture as in Fig. 2, and then 
rotating 180° in the plane of the paper. (A less obvious symmetry sends Hn,k to its mirror 
image. To see this, slide the -1-framed 2-handle across both 1-handles, to obtain Fig. 3. 
Then isotope the picture "inside out.") 
The most interesting case occurs when k = 1. After an isotopy, Hn,l appears as in Fig. 4. 
(For example, represent Hn,l as Hn,- tin Fig. 1, and separate the 1-handles by flipping over 
Fig. 1. 
Fig. 2. 




the top and bottom arcs in the figure.) The presentation of the trivial group can be read 
directly from the picture: <x, YIY = (yx)- 1 x(yx), xn+ 1 = yn) = Pn. Note that this is almost 
the simplest possible handle diagram representing Pn. More generally, the presentation 
given by Hn,k can be determined by unwinding the dotted circles. In each case, we obtain a 
presentation of the form <x, yly = gxg- 1, xn+ 1 = yn) where g is some word in x± 1, y± 1 
(depending on k). We check directly that this is a presentation of the trivial group (so that 
n1 Hn,k = 1): The element xn+ 1 = yn commutes with both generators, so it lies in the center 
of the group. Thus, yn+ 1 = (gxg- 1 )n+ 1 = gxn+ 1 g- 1 = xn+ 1 = yn, soy= 1 =X. 
It is easily verified that the given presentation is Andrews-Curtis trivial if n = 0, 1, or if 
k = 0. It has also been shown [7] that P2 (n = 2, k = 1) is Andrews-Curtis trivial. In each of 
these cases, the corresponding handlebody Hn,k cancels completely without the introduc-
tion of new handles. Below, we will verify the triviality of the handlebodies when n = 0. The 
other cases merely require more persistence; details are omitted since we will not need them. 
Conjecture A. For n ~ 3 and kEZ- {0}, the presentations given above are all 
Andrews-Curtis nontrivial and inequivalent to each other. 
This would imply the following (possibly easier) 
Conjecture B. For n ~ 3 and kEZ- {0}, the handlebodies Hn,k cannot be cancelled or 
transformed into each other without introducing a 3-handle. 
To see the cancellation when n = 0, consider Fig. 5, showing Ho,k· Slide the 0-framed 2-
handle twice (algebraically zero) over the -1-framed 2-handle, as indicated by the arrow. 
This results in Fig. 6. The ± k twists cancel each other, and all handles immediately cancel. 
This demonstrates that Ho,k is diffeomorphic to B4 • 
Next, we verify that oHn,k is diffeomorphic to S3 . Thus, we may add a 4-handle to obtain 
a homotopy S4, which we will subsequently see is diffeomorphic to S4. We keep track of a 
framed curve fJ. which is a 0-framed meridian to the upper dotted circle in Fig. 1. To simplify 
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Fig. 5. 
Fig. 6. 
iJHn,k we surger the top one-handle, turning the dotted circle into a 0-framed unknot. We 
then cancel the remaining 1-handle with the original 0-framed 2-handle, obtaining Fig. 7. 
The n twists cancel against most of the - n - 1 twists, via a rotation of the right half of the 
picture. Thus, we reduce to the case n = 0. We slide the 0-framed 2-handle using a band 
parallel to the arrow in Fig. 7 (with n = 0) to obtain Fig. 8. This is clearly a 2-component 
unlink, representing S3 . The curve Jl is 0-framed meridian of the + 1-framed unknot, so Jl is 
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Remark. Hn,k # -CP2 collapses into B4 #- CP2 without introducing 3-handles. To 
see this, form Hn,k # -CP2 by adding a 2-handle to a -1-framed unknot in oHn,k• or 
equivalently, to J.l. Since J.l is a 0-framed meridian to a dotted circle in Fig. 1, the picture 
immediately collapses. 
We are now ready to show that Hn,k is B4 • We begin by introducing a cancelling 2-
handle/3-handle pair. A 2-handle attached to a 4-manifold may be cancelled by adding a 3-
handle if and only if the attaching circle is isotopic to a 0-framed unknot. Since J.l is isotopic 
to a -1-framed unknot, we may cancel a 2-handle added with framing + 1 to a meridian of 
the top dotted circle of Fig. 1. Thus, Hn,k is diffeomorphic to the handlebody of Fig. 9 
together with a 3-handle which has not been drawn. 
Now we introduce a trick. The upper part of Fig. 10 shows part of a link picture 
including a segment of a dotted circle with a + 1-framed meridian, and part of a 2-handle 
with framing m. Observe that the bottom picture is obtained from the top by sliding the big 
2-handle over the meridian. Applying this to Fig. 9, we obtain Fig. 11 (where we continue to 
suppress the 3-handle). 
Next, slide the + 1 over the 2-handle as indicated in Fig. 11. The curve may then be 
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Fig. 12. 
Fig. 13. 
Apply the trick of Fig. 10 once more, in the opposite direction, to obtain Fig. 13 (where we 
have moved the meridian to a more convenient location). Finally, slide the + 1 over the 0 so 
that it again becomes a meridian ofthe top 1-handle. Our picture then looks like Fig. 9, with 
n replaced by n- 1. We still have an extra 3-handle, but there is essentially only one way in 
which this may be attached. (The attaching S2 is the unique nonseparating S2 in S2 x S1 .) 
We have now shown that for any n, Hn,k is diffeomorphic to Hn-Lk· Since we have already 
seen that Ho,k is diffeomorphic to B4, the result follows by induction. 
§3. THE AKBULUT-KIRBY SPHERE 
In this section we show that the Akbulut-Kirby example I: is diffeomorphic to 
H4,1 u 4-handle. We begin with Fig. 14, which is Fig. 28 of [3]. This shows I: with 
the 4-handle removed. We will slide 2-handles to obtain Fig. 4 with n = 4. 
Fig. 14. 
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The handle slides are motivated by Casson's Andrews-Curtis reduction of the pre-
sentation to P4 • Here is a (slightly simplified) version of Casson's calculation. From Fig. 14, 
we read off the presentation P = (x, yJr1, r2 ) where the relators are 
r1 =xy- 2xy- 1x- 1y2x- 2y and 
r2= y-1x2y-1xyx-2y2x-1. 
(Read these from the 2-handles, starting at the arrows, with r 1 corresponding to the -1-
framed handle.) First, we replace r 2 by the following conjugate of r 1 r 2 , 
(This is the first relator in P4 .) Next, we insert r~ after the second x in r 1 (which is a 
combination of multiplication by r~ and conjugation) to obtain the following word which 
replaces r1 . 
Note that inserting r~ after the first x in r'1 , followed by suitably conjugating,yields a word of 
the same form, but with m reduced by one. Applying this three times reduces m to zero. We 
are left (after conjugation) with 
and ( x, y I r~, r'{) is the presentation P 4 . 
We follow this algebra with handle slides. The first move, which changes r 2 to r~, is 
indicated by the arrow in Fig. 14. After performing this handle slide, an isotopy of the new 
circle, leaving the other circles essentially fixed, will result in Fig. 18. This is the most 
difficult part of the calculation, so we have broken it into smaller steps. (A reader who 
becomes lost here may find it useful to compare the associated presentations of the trivial 
group.) The handle slide is performed by band-summing the + 1 into a parallel copy of the 
-1. Push the two sides of the band apart (farther than initially seems possible) until Fig. 15 
is obtained. (Don't forget the -1 twist in the parallel curve - this will be useful in 
simplifying the left side of the picture.) At the arrow in the lower right of Fig. 15, a strand of 
the new circle takes a full left twist around three other strands. Push this left twist along the 
strands to the point marked with an asterisk. Then flip two strands as indicated by the other 
two arrows. The result will be Fig. 16. The two ends of the curve must now be passed 
around the outside of the picture, as indicated by the arrows. (To pass around the right-
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Fig. 15. 
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Fig. 16. 
that it surrounds the other dotted circle. The move is then a plane isotopy.) Figure 17 shows 
the result. As indicated by the arrows in this figure, two strands may be pushed all the way 
to the far sides of the picture, to eliminate self-crossings of the new curve. A simple isotopy 
yields Fig. 18. The new 2-handle has now reached its final resting place, as it is seen in Fig. 4. 
We continue to follow the algebra. To produce r'1 , slide as indicated by the arrow in 
Fig. 18. A routine isotopy yields Fig. 19. At this point, we insert an extra step which has no 
effect on the algebra: we slide across a 1-handle, as indicated. (Note that the obvious parallel 
push-off of the dotted circle runs through the two twists; we can compensate for this by 
adding -2 twists to the parallel on the right side of the dotted circle.) The result (after 
isotopy) is Fig. 20, with m = 3. The indicated handle slide in this figure results in the same 
picture, with m reduced by 1. Performing this three times changes m to zero. An easy isotopy 
yields Fig. 4, with n = 4. 
TOP 30:1-H 
Fig. 17. 
c df-~ll 3J) 
0 I _, Fd II ~n~ ~-~- --~ c l=- I ) o[[WJ -) 
Fig. 18. 
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Fig. 19. 
Fig. 20. 
§4. A STRANGE EMBEDDING OF S3 IN S4 • 
We will directly embed the Akbulut-Kirby ball Bin S4, so as to produce a level picture 
of an embedded S3 in S4 . This S3, while isotopic to the standard S3, carries an "obstruction" 
which makes it difficult to describe the isotopy directly. 
Our starting point is Fig. 14, the Akbulut-Kirby ball. We will modify the handle 
description by "twisting" the 1-handles so that the framings on the 2-handles become zero. 
The 1-handle twisting procedure, due originally to Akbulut, is shown in Fig. 21. If a 
collection of arcs of attaching circles passes over a 1-handle, we may put a + 1 twist in a 
subcollection of arcs, and a -1 twist in the rest, without changing the 4-manifold. Framings 
change as if we had twisted by blowing up ± 1-framed unknots. Figure 22 shows how to 
visualize this as a 360° twist in the 1-handle. Figure 23 provides a derivation from classical 
Kirby calculus. (Introduce a cancelling pair of handles. Slide all arcs over the 2-handle, then 
cancel the 2-handle with the other 1-handle.) 
Fig. 21. 
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Fig. 22. 
Fig. 23. 
We twist both 1-handles in Fig. 14 to obtain Fig. 24. Broken circles indicate where twists 
should be applied to the link. Both 2-handles are now attached with framing zero. Having 
verified this, we may erase the two small broken circles. Note that if we ignore the circles 
representing 1-handles, the 2-handle attaching circles form an unlink. To see this, visualize 
each curve as an ellipse from which a long, narrow "tail" has been drawn out. Since the tails 
are compatible with the twists, we may retract them by an isotopy, to produce Fig. 25. The 
twists now cancel to yield an unlink. 
The description of B given by Fig. 24 immediately yields an embedding of B in S4 . 
Consider Fig. 24 to represent a 4 component link in S\ and embed S3 as the equator in S4 • 
Fig. 24. 
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Fig. 25. 
The two circles with dots form an unlink in S3, so they bound an embedded pair of 2-disks 
in the southern hemisphere B0 • We may assume that each disk has a unique critical point 
with respect to the standard height function on S4 . Let h1 and h2 be regular neighborhoods 
of these disks. The closure of B0 - (h 1 u h2 ) may be thought of as a 4-ball with two 1-
handles attached; this is the "!-skeleton" of B. Similarly, the other two circles in the link of 
Fig. 24 form an unlink, as was noted above. Thus they bound a pair of disks in the northern 
hemisphere, each with a unique critical point. Let h3 and h4 denote regular neighborhoods 
of the disks. These are 2-handles, attached to B0 with framing zero (since S4 has trivial 
intersection form). B is now exhibited in S4 as the closure of B0 u h3 u h4 - (h 1 u h2 ). This 
embedding is shown schematically in Fig. 26. 
Fig. 26. 
Note that in this description, the height function (and in particular, the equatorial S3 ) 
tells us how to recover the handle description of B given by Fig. 24. The presentation of the 
trivial group associated to Fig. 24 is still P (see §3), since the algebra does not see the twists 
we have introduced. But P is Andrews-Curtis equivalent to P4 . If P4 is indeed 
Andrews-Curtis nontrivial, then there is no way to trivialize Fig. 24 via handle slides and 
the addition of cancelling 1-handle/2-handle pairs. This would imply that there is no way to 
isotope our S3 to the standard one without doing major damage to the general form of the 
embedding as indicated by Fig. 26. (For example, sliding the "upside down" 2-handles over 
each other is not sufficient, since such a move may be thought of as a 1-2 pair addition in B 
followed by 1-handle slides.) To prove the Schoenflies conjecture, it may be necessary to 
understand in detail what moves could produce suitably major damage. Note that in 
principle we could trace through the calculations of §§2, 3 in an ambient setting, but this 
seems quite difficult to understand in practce. 
One possible source of "damaging" moves is the following 
PROPOSITION. Let B* be a homotopy 4-ball with boundary S3. Suppose B* embeds in S4. 
Then the embedding is unique up to self-diffeomorphisms of S4 . In particular, the closed 
complement is uniquely defined up to orientation-preserving diffeomorphism. 
Thus, we may reimbed either closed complement of an embedded S3 without affecting 
the other closed complement. For example, if we are given an embedding in the form of 
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Fig. 26 but with the four 2-handles knotted in S4 , we may unknot the handles by a self-
diffeomorphism of S4 • (First, use the proposition to unknot the upper handles, then apply 
the proposition to the complement to unknot the lower handles.) 
Proof of Proposition. Let fJ6 denote the set of all oriented homotopy 4-balls with 
boundary S3 , up to orientation-preserving diffeomorphism. Then fJ6 is a commutative 
monoid under boundary sum. (This is essentially the same as the monoid of homotopy 4-
spheres under connected sum.) Let fJI* denote the submonoid of elements which embed in 
S4 . Then fJI* is precisely the group of invertible elements of fJI. In fact, if B* is an element of 
fJ6 with an orientation preserving embedding in S\ then the closed complement of B* is an 
inverse for B* in fJI. Uniqueness of inverses now implies that any two embeddings 
i, j: B* c:; S4 have diffeomorphic closed complements. From this, it is easy to construct a 
diffeomorphism cp: S4 ---+ S4 which equals ji- 1 on i(B* ). (Use the fact that any two 
orientation-preserving self-diffeomorphisms of S3 = aB* are isotopic.) 
Remarks. (i) An element of fJ6 lies in fJI* if and only if its interior is diffeomorphic to IR4 . 
This follows from the observation (see [8], Appendix) that an exotic IR 4 cannot have an 
inverse under end-sum. Simply note that an embedding B* c:; S4 provides an end-sum 
decomposition IR 4 = S4 -(point) = (int B*) ~ ( S4 - B* ), showing that int B* is standard. 
(The converse direction is obvious, since any manifold embeds in its own interior.) 
(ii) There is an obvious symmetry between the construction of B in Fig. 24 and the 
construction of the complement in S\ as indicated in Fig. 26. Each is explicitly exhibited as 
a 0-handle, twol-handles and two 2-handles. To construct the handle decomposition of the 
complement of B, simply take Fig. 24 and interchange the roles of circles with dots and 
circles with zeros. A referee has shown that the presentation associated to this "inverse" 
handlebody is Andrews-Curtis trivial. This presentation may be seen by straightening the 
2-handle curves of Fig. 24, as indicated by Fig. 25, dragging along the circles with dots. 
§5. ANOTHER DESCRIPTION OF THE STRANGE S 3 • 
We have already described our embedding of S3 in S4 in a fairly simple manner. Some 
Schoenflies aficionados, however, would prefer an embedding for which the height function 
on aB is a Morse function, or equivalently, a "critical level" embedding in the sense of 
Scharlemann [10]. We will perturb our embedding into such a form, which is "nice" in the 
sense that there are only four critical levels, one for each index of critical point, and these 
levels occur in order of increasing index. Thus, the middle level (the equatorial S3 ) must cut 
the embedded S3 into a Heegaard splitting. We will see that this splitting is genus 4. (Hence, 
the embedding is genus 4 in Scharlemann's sense, as compared with the genus 51 embed-
ding of Akbulut and Kirby.) We will then give an explicit picture of the middle level, which 
describes the embedding completely. 
To understand embeddings in S4 , ·it is useful to think of the height function as being 
time, and consider successive S3 levels. (For intuition, it is useful to think one dimension 
lower, and imagine B sitting in a bathtub which is being filled with water.) B will intersect a 
generic level in a 3-manifold X. aB will intersect such a level in ax. The topology of X c S3 
will change as we pass a critical level of the height function on aB. Each nondegenerate 
critical point of index kin aB represents a (3-dimensional) k-handle in a B. As we pass this 
critical level, the handle will appear in S3 • It may either be attached to X (an "outside" 
handle) or to S3 - intX (an "inside" handle). If height is a Morse function on aB, all handles 
110 Robert E. Gompf 
together will give a handle decomposition of oB, and B will be the handlebody obtained by 
4-dimensional thickening of the outside handles. See [10], for example, for a more detailed 
description (with slightly different conventions) of this mathematical folklore. 
Here is such a description of the embedding of B constructed in §4. (This may be 
imagined by comparing with Fig. 26.) Initially (below the level of the scooped out handles h1 
and h2 ) X fills up all of S3 . As time (i.e. height) increases, two inside 0-handles appear (the 
bottom tips of h1 and h2 ), which punch two holes in X. Inside each of the resulting S2's, an 
(unknotted) outside 1-handle appears. The complement of X is now a pair of solid tori. 
These are regular neighborhoods of the circles with dots in the middle level (Fig. 24). The 
middle level is the unique degenerate critical level. Here, all of X suddenly disappears, 
except for regular neighborhoods of the other two circles (the bottoms of the 2-handles h3 
and h4 ). These form an unlink. A pair of outside 2-handles changes these into balls, which 
disappear as a pair of inside 3-handles is added. 
We will isotope oB so as to eliminate unnecessary critical points, and then perturb the 
middle level so that height becomes nondegenerate. First, we arrange for the height function 
to have a unique maximum and minimum on oB. Let y1 and y2 be the attaching circles of 
the 2-handles in Fig. 24. Let A denote the dashed arc connecting y1 and y2 • We modify the 
embedding of B by allowing a regular neighborhood of A to persist beyond the middle level, 
so that X now appears here as a regular neighborhood of y1 u y2 u A. This has the effect of 
adding a 4-cell to B along a 3-cell, so the embedding is only changed by an ambient isotopy. 
It is easily verified (c.f. Fig. 25) that y1 u y2 u A is an unknotted 1-complex in S3 . Hence, we 
may allow the neighborhood of A to persist beyond the level at which the outside 2-handles 
are attached. (A will not collide with the 2-handles.) Beyond this level, X is now a 3-cell, so it 
is killed by a single inside 3-handle. Thus, we have exactly three critical points above the 
middle level, of indices 2, 2 and 3. In a similar manner, we may choose an arc A' connecting 
the two circles with dots, and push this down, to obtain an embedding such that oB has 
three critical points below the middle level, with indices 0, 1 and 1. 
The equatorial S3 now intersects oB in the complement of a regular neighborhood of 
(Au A' u the 4-component link of Fig. 24). We will perturb the embedding here so that 
height becomes a Morse function. This will introduce four critical points: two with index 1 
and two with index 2. Specifically, we will show how to add a pair of 1-handles and a pair of 
2-handles to a regular neighborhood of y1 u y2 u A in Fig. 24, so as to obtain the comp-
lement of a regular neighborhood of the circles with dots union a suitably chosen arc A'. We 
will then raise the 1-handles above the middle level (where they become index 2 critical 
points) and lower the 2-handles (to obtain index 1 critical points). In the middle level, X will 
now be a genus 4 1-handlebody (a regular neighborhood of y1 u y2 u A union the two new 
1-handles) whose boundary induces the genus 4 Heegaard splitting of oB. 
We attach the 1-handles as follows: Slightly extend both ends of the arc A (Fig. 24), so 
that the extensions cut straight across the long "tails" of the curves y1 and y2 • These 
extensions are the cores of the new 1-handles. The genus 4 1-handlebody composed of a 
regular neighborhood ofy 1 uy2 u A union the two new 1-handles is depicted in Fig. 27. We 
have used the new 1-handles to collapse together the two parallel strands in each tail. 
We now ambiently isotope Fig. 27, leaving the dotted circles fixed. First we slide 1-
handles as indicated by the arrows to obtain Figs 28 and 29. Then we run the small rings 
around the dotted circles to obtain Fig. 30, in which the ± 1 twists have been drawn 
explicitly. We flip over the large outer tubes to obtain Fig. 31, then slide handles as 
indicated to obtain Figs 32 and 33. 
Now add a pair of 2-handles to fill in the rectangular holes in Fig. 33. Th~ resulting 
genus 2 1-handlebody is clearly the complement of a regular neighborhood of the dotted 









circles union a suitable arc A'. This shows that our embedding can indeed be perturbed into 
the form described above. 
In summary, our Morse picture of oB (described from the bottom up) consists of: one 
inside 0-handle and two outside 1-handles, two inside 1-handles (which drill through the 2-
handles added to Fig. 33), two inside 2-handles (which cut through the 1-handles we added 
to obtain Fig. 27), two outside 2-handles, and an inside 3-handle. Note that all four 1-
handles may be added at the same level, and they are added in the simplest possible 
(unknotted) way. (This is clear from Fig. 33.) Similarly, all four 2-handles may be added at 
one level, as we will see below. Thus, height is a "nice" Morse function. 
The new embedding is completely determined by Fig. 33, together with the attaching 
circles of the 2-handles, which we will now describe. Figure 34 shows the surface of Fig. 27, 
with the attaching circles drawn in. Fine crosshatched curves represent the two outside 2-
handles; the other fine curves correspond to the two inside 2-handles. Heavy arcs represent 
pairs of parallel curves. Dashed curves lie on the back of the surface. Additional ± 1 twists 
should implicitly be added to the curves as indicated by the broken circles. (These twists 
happen to cancel in Fig. 34, but it is important for them to be built into the notation.) The 
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reader may verify (c.f. Fig. 25) that the circles for the outside 2-handles do indeed bound 
disjoint disks in the complement of the pictured genus 4 1-handlebody. (Thus, these 2-
handles may be added at the same time as the inside 2-handles; they do not need to go 
through the gaps created by the inside handles.) The disks for the inside 2-handles are 
directly visible in Fig. 34. 
To construct the desired picture, one simply performs the isotopy of Figs 27-33, while 
keeping track of the curves of Fig. 34. (Twisting due to the broken circles is handled 
automatically because of the convention of the previous paragraph.) The final result is 
shown in Fig. 35. Heavy crosshatched arcs indicate collections of many parallel curves. 
Otherwise, the notation agrees with Fig. 34. (In fact, the heavy lines without crosshatching 
are precisely those which appear in Fig. 34.) Note that each heavy crosshatched curve 
begins and ends on the same side of the surface (front or back), which should help to clarify 
the correspondence between curves. 
Figure 35 completely describes our embedding: Begin with an inside 0-handle (which 
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inside), to obtain the middle level seen in Fig. 35 (with X the region inside the genus 4 
surface). Then add four 2-handles (two outside and two inside), along the indicated 
attaching circles. After this, X will be a ball, which disappears as we add the inside 3-handle. 
As a check that Fig. 35 is correct, one may verify that the attaching circles for the inside 
2-handles are nullhomotopic in the region enclosed by the surface. It follows that these 
circles do (uniquely) bound disjointly embedded disks in this region. Similarly, the attaching 
circles for the outside 2-handles bound disks on the outside of the surface. It is also possible 
to verify directly that the 4-manifold described by Fig. 35 is B. We obtain the 4-manifold by 
ignoring all inside handles, and thickening the ouside handles to obtain a 4-dimensional 
handle body. The resulting handle picture is isotopic to Fig. 24 (in the presence of sufficient 
perseverance). In particular, the presentation Pis visible in Fig. 35, associated to the outside 
1- and 2-handles. 
§6. OTHER CAPPELL-8HANESON SPHERES 
For each integer m, consider the matrix AmESL(3, Z) given by 
[ 
0 1 0 l 0 1 1 . 
1 0 m+ 1 
Since det(J- Am)= -1, the matrix determines (as described in the introduction) a pair of 
Cappell-Shaneson homotopy 4-spheres [5], which differ by a Z2 choice of framing on a 
section of the T3-bundle over S1 determined by Am. Note that each integer occurs as the 
trace of some Am. Since there are only finitely many Cappell-Shaneson matrices (up to 
conjugacy) for any fixed trace, this seems to give a representative sample of 
Cappell-Shaneson spheres. In fact, Aitchison and Rubenstein [1] have shown that for each 
trace between -4 and 9, there is a unique pair of Cappell-Shaneson spheres. Thus, the 
Akbulut-Kirby example occurs for m = 0 (trAm= 2), and the other example which natu-
rally covers an exotic IRP4 occurs when m = 4 (trAm= 6). (See [1].) 
Using the method of [2], explicit pictures of the homotopy spheres determined by Am 
can be constructed. (Details can be found in [9].) For one choice of framing (corresponding 
to 0 in the Kirby-calculus picture) the sphere turns out to be standard. (This was first 
observed by Aitchison and Rubenstein in [1]). It follows that the sphere determined by the 
other framing is a Gluck construction on a knot in S4 . This latter sphere appears not to 
collapse completely, but it has a handle presentation without 3-handles. The presentation is 
shown in Fig. 36. To see that the boundary of the "2-skeleton" is S3 , simply surger either 1-
handle to a 0-framed 2-handle, cancel the remaining 1-handle with a 0-framed 2-handle, and 
then blow down the + 1, to obtain a -1-framed unknot. (This is somewhat lengthy, but not 
difficult. Most of the isotopy occurs after blowing down. Then, a key tactic is to slide the 
- m twists along the knot (starting in the upward direction) until they surround only one 
strand, so they disappear.) It follows that Fig. 36 does indeed represent a homotopy 4-
sphere. (To see that it is simply connected, turn the handlebody upside-down to obtain a 
new handle structure without 1-handles.) When m = 0, the picture may be transformed 
directly into the Akbulut-Kirby example, although this computation is quite difficult. 
The presentation of the trivial group associated to Fig. 36 is <x, yla, {3) where 
a=[y,x]y[y,x- 1 ] and 
{3= x-m[y,x]yx-1y-1xm[y-1,x-1]y. 
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(Here, [a, b] = aba - 1 b - 1.) To see directly that this is trivial, let z denote [y, x] [y, x - 1 ], 
and consider the word 
(x- 1 [z, IX- 1 ])m [IX-\ zxz- 1] xm P 
(y- 1 [x-1, y-1] [x, y-1 ]xyp-1 (x -1 y-11X -1 yx)y-1 x-1 y- 1 [x, y] IXX-1 yxy) 
X - 1 (x- 1 y- 1 XIX- 1 X - 1 yx)y(p- 1 X -m ZIXZ- 1 XIX- 1 xm Px - 1 )y- 1 X. 
By inspection, it may be seen that this word becomes trivial when IX and p are modded out. 
But in the free group on x and y, it may be computed that this word is conjugate to the 
generator y- 1. Unfortunately, this computation seems to be of little use in simplifying 
Fig. 36. The author knows of no simpler algebraic proof of triviality, or of any reasonable 
presentation to which the given one is Andrews-Curtis equivalent. Form =f. 0, it is unknown 
if these manifolds are standard, or if they embed (punctured) in S4 to provide potential 
counterexamples to the Schoenflies conjecture. 
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